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Abstract

This paper is an introduction to some basic concepts on transcription networks,
microarray chips and sparse linear methods. We describe theapplication of sparse
linear methods to the modeling of gene expression data. First, we review the gene
expression process and how transcription networks regulate protein production
rates in cells. After this, DNA microarray chips are described alongside with the
specific features of the gene expresion data generated by this technology. Finally,
we also introduce different sparse linear methods that are frequently used in the
modeling of gene expression data.

1 Introduction

Cells are very complex devices composed of several thousands of interacting proteins, where each
of these proteins is a biological molecule that acomplishesa specific task with very high precision.
In particular, proteins do almost everying in a cell, from the catalyzation of chemical reactions or the
maintainance of cell shape and size to the transmission and processing of information or the binding
of small target molecules [1]. As an example,Saccharomyces cerevisiaeor budding yeast is one
of the most thoroughly researched microorganisms and its individual cells typically contain a few
billion proteins of about 6,600 different types [2].

Throughout the lifetime of a cell, different proteins have to be produced in different situations with
production rates that can also vary with time. For example, in another well studied microorganism
calledEscherichia coli, the absence of glucose and the presence of lactose triggersthe production
of several proteins that are required for the transport and the metabolism of lactose [2]. When the
DNA molecules of a cell undergo structural damage, DNA repair proteins are produced by the cell
to correct the alterations in the DNA molecules [3]. Thus, a cell constantly checks for changes in
its environment and automatically fixes an adequate production rate for each protein. The process
by which a protein is synthesized from the information stored in the DNA is calledgene expression.
Additionally, the main mechanism of control of the amount ofproteins generated during the gene
expression process is calledtranscription regulationand it is carried out bytranscription control
networks[4, 2].

DNA microarray chips[5] are a recent high-throughput molecular techology that allows researchers
to simultaneously monitor the expression profile of thousands of genes in a single sample of cells or
tissues. Microarray datasets often present three common characteristics. First, they only include a
limited numbern of data instances. Second, noise in the expression measurements is frequently very
high and finally, microarray datasets have a large dimensionality d, whered ≫ n. These features
provide a significant challenge to the analysis of gene expression data. In particular, most machine
learning methods are likely to identify irrelevant patterns in such a ’larged, smalln’ scenario [6].
To solve this problem, a popular approach is to consider an underlyingsparse linear modelwhose
input is the activity of a few relevant genes. Given a microarray dataset, the coefficients of this linear
model are learned using asparse linear method[7, 8, 9].
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Figure 1: The four steps of the gene expression mechanism. First RNA polymerase transcribes
the information coded in a gene to a pre-mRNA molecule. Second, the pre-mRNA molecule is
modified, resulting in an mRNA molecule. Third, the mRNA molecule is mapped to a chain of
amino acids. Finally, the polypeptide chain is folded into a3d protein structure. Regulation of
protein concentration may occur at any of these steps. However, transcriptional control is the most
common regulatory mechanism.

2 Gene Expression

Gene expression is the process by which proteins are synthesized in a cell. A gene is a sequence of
nucleotides in a DNA molecule with the instructions for the production of a particular protein [10].
Genes are generally preceeded in the DNA by a regulatory region called the promoter. The enzime
RNA polymerase binds this promoter and synthesizes a pre-mRNA molecule or primary transcript
that is a complementary copy of the gene. This first step of thegene expression process is called
transcription. In a second step called RNA processing, the pre-mRNA molecule undergoes some
modifications to become an mRNA molecule. After this, a step called translation generates from
the mRNA molecule a corresponding polypeptide chain. The requiered mapping between RNA tri-
nucleotide sequences and amino acids is known as the geneticcode [1]. Finally, the polypeptide
chain is folded into a three-dimensional structure, becoming a biochemically active protein [4].
Figure 1 displays these four steps of the gene expression mechanism: transcription, RNA processing,
translation and folding.

Regulatory molecules can control the final concentration ofeach protein. For this, they modify the
amount of intermediate product produced at each step of the gene expression process. Regulators
are generally fully-assembled proteins but other intermediate products such as RNA molecules or
polypeptides can also have a control role in the gene expression process [10, 4]. Although regulation
can take place at any step, transcriptional control is the most important mechanism for regulating
gene expression. In particular, a control step at the begining of the gene expression process allows
the cell to save energy by preventing the production of unnecessary RNA molecules.

3 Transcription Regulation

The rate of synthesis of pre-mRNA molecules is determined bythe activity of the enzime RNA
polymerase (RNAP). After binding a specific DNA sequence in the promoter, RNAP opens the DNA
double helix and starts copying the genetic material into a pre-mRNA molecule. Transcription ends
when RNAP finds a stop sequence in the DNA. This process is illustrated in the top of Figure 2. The
activity of RNAP can be altered by the action of different regulatory molecules. These regulators
may modify (i) the affinity of RNAP to bind the promoter, (ii) the accessibility of RNAP to the
DNA, (iii) the rate at which RNAP synthesizes the pre-mRNA molecule and (iv) the location in the
DNA where RNAP terminates the copying process [10]. From these four transcriptional control
mechanisms, the first one appears to be the most predominant in nature [4]. The reason for this is
that this form of regulation is very configurable for specificgenes.

The affinity of RNAP for binding a particular promoter can be modified by a series of regulatory
proteins calledtranscription factors. These are DNA binding proteins that are able to recognize and
bind specific DNA sequences calledmotifs. When a transcription factor (TF) binds a motif in the

2



Figure 2: Transcription begins when RNAP binds a specific DNAsequence in the promoter (top).
After this, RNAP copies the genetic material into a pre-mRNAmolecule. Transcription ends when
a particular stop sequence is recognized by RNAP. Activatorproteins may bind a specific nucleotide
sequence in the promoter, increasing the binding affinity ofRNAP (bottom left). Repressor proteins
may bind a specific nucleotide sequence in the promoter, reducing the binding affinity of RNAP
(bottom right).

promoter of a target gene, it changes the probability per unit time that RNAP binds the promoter and
generates a pre-mRNA molecule [2]. In particular, if the TF is an activator it can recruit RNAP to
the promoter of the target gene and increase the probabilityof transcription initiation. By contrast,
if the TF is a repressor it can prevent RNAP from binding the promoter of the target gene and the
probability of transcription initiation is reduced. The bottom of Figure 2 illustrates this behavior.
The molecular form of a TF can shift rapidly from active to inactive states and this depends on
specific environmental signals [2]. An active TF is very likely to bind the promoter of a target gene,
while the DNA binding properties of an inactive TF are significantly reduced. TFs are proteins and
are also encoded in the DNA by genes. This means that the expression level of a particular TF can
also be controlled by other TFs and these may additionally beregulated by yet other TFs and so on.
These regulatory interactions at the transcription level between different genes and different gene
products can be organized in a transcription control network.

4 Transcription Control Networks

A transcription control network (TCN) describes the transcriptional regulatory interactions between
the genes of a cell [4, 2, 13]. Each node in the network corresponds to a specific gene and each edge
represents a transcriptional regulatory relationship between the two connected nodes. In particular,
the directed edge X→ Y indicates that the protein product of gene X, typically a TF, has a direct
effect on the transcription rate of gene Y. TCNs have a scale free topological structure [14, 15, 13].
This means that most genes are involved in only a reduced number of interactions, while a few hubs
or key regulators are linked to a significantly higher numberof genes. Figure 4 illustrates this by
displaying an approximation of the TCN for budding yeast, where the directionality of the edges has
been removed to improve network visualization [11]. In thisTCN, the average connectivity of a few
hub genes (diamon-shaped nodes) is very high: 21.75, while the average network connectivity is
much lower: 3.77. Highly connected nodes or hubs are the result of a heavy tail in the connectivity
distribution of scale-free networks. In particular, the probability that a randomly selected node in
a scale-free network has exactlyk links follows a power lawP (k) ∼ k−γ , whereγ is the scaling
exponent and∼ indicates ’proportional to’ [14]. The left part of Figure 4 shows a histrogram for
the connectivity in the TCN of budding yeast. The heavy tail in this histogram and its decreasing
shape suggest a power law for the connectivity distribution. Further evidence is given by the right
part of Figure 4, which shows a log-log plot of the empirical connectivity probabilities. The points
in this plot are well approximated by a straight line. This isa clear signature of an underlying power
law process. Another key feature of scale-free networks, and in particular TCNs, is their robustness
[14]. In a scale-free network, random failure of a node generally affects the many nodes with low
connectivity, which are not essential for maintaining the network integrity. However, an intentional
attack to a few of the hub nodes or key connectors can significantly damage the network.
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Figure 3: Main connected component of an approximation for the transcription control network of
budding yeast. This network is described in [11]. Each node represents a different gene and each
link represents a transcriptional regulatory interactionbetween two genes. White diamond-shaped
nodes correspond to the 20 genes with highest connectivity.The average connectivity of these hub
genes is very high: 21.75. By contrast, the average connectivity of a gene that is selected randomly
in the network is much lower: 3.77. The network was visualized using the software Cytoscape [12].

4.1 Modeling the Edges in a TCN

As mentioned before, a link in a TCN represents an interaction between a regulator and a target gene.
This interaction can be formally described in terms of the concentrations of regulator, pre-mRNA
molecules of the target gene and enzime RNAP. For this, Michaelis-Menten interaction kinetics and
the Hill equation are employed to model the chemical reactions that ocurr during the transcription
process [4, 2, 16].

First, we consider a situation with no regulation in which RNAP (P ) binds a nucleotide sequence
in the promoter (N ) of a gene to form a complex (PN ). After this, transcription occurs and a
pre-mRNA molecule (X) is generated. These chemical reactions are represented schematically as
follows:

P +N
k+1

⇄

k
−1

PN
k+2

→ P +N +X , (1)

wherek+1 andk
−1 are respectively the rates of complex formation and complexdissociation and

k+2 is the rate of transcription. Michaelis-Menten kinetics allow us to obtain a differential equation
for the concentration ofX (see Appendix A), namely

d[X ]

dt
=

Vm[P ]

[P ] +Km

− δ[X ] , (2)

whereδ is the rate of degradation ofX , [·] stands for ’concentration of’,Vm = k+2[N ]0 is the
maximum rate of synthesis andKM = (k

−1 + k+2)/k+1 is referred to as the Michaelis constant.
When[P ] exceedsKM , the rate of syntehsis ofX begins to saturate at its maximum valueVm.

The previous example can be easily extended to account for positive regulation by a TF. In particular,
RNAP may not bind the promoter of a gene unless an activator (A) has already bound a nucleotide
sequence in the promoter [4]. The bottom left of Figure 3 illustrates this. Additionally, the promoter
may containα copies of the DNA sequence bound byA. Under this setting, the differential equation
for the concentration ofX (see Appendix B) is given by

d[X ]

dt
= Vm ·

[A]α

[A]α +KA

·
[P ]

[P ] +Km

− δ[X ] , (3)
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Figure 4: Left, histrogram for the connectivity in the transcription control network of budding yeast.
Hubs or highly connected nodes are represented in this histrogram by a heavy tail. Right, log-log
plot of the empirical connectivity probability function. The points in this plot are well approximated
by a straight line. This is a clear signature of an underlyingpower law process.

Figure 5: A general procedure for constructing a model of cell functioning. First, cell samples are
obtained under different conditions, e.g. metastatic cancer cells and non-metastatic cancer cells.
Second, the experimenter measures protein concentrationsin the cells. Third, a learning algorithm
computes the parameters of a model that describes the intrinsic structure in the data. The resulting
model may then be employed in posterior analyses or predictions.

whereKA is a constant that determines the saturation threshold forA. Similarly, the transcription
process can be negatively regulated by a repressor (R) that binds a particular nucleotide sequence in
the promoter of a gene. Under this configuration, transcription by RNAP only occurs whenR is not
bound [2]. The bottom right of Figure 3 illustrates this. Additionally, the promoter of the gene may
containβ copies of the nucleotide sequence bound by the repressor. The corresponding differential
equation for the concentration ofX (see Appendix C) is given by

d[X ]

dt
= Vm ·

1

1 + [R]β/KR

·
[P ]

[P ] +Km

− δ[X ] , (4)

whereKR is a constant that determines how much repressor is necessary for reducing the production
rate to a half of the maximal activity that would be obtained under no regulation and no transcript
degradation [2].

5 Microarray Chips

The internal state of a cell is determined by the proteins that form the cell and their corresponding
concentrations. Hence, we may construct a model of cell functioning (e.g. a TCN) by measuring
protein concentrations in a cell under different conditions, as illustrated in Figure 5. This may require
of specific machine learning and pattern recognition methods. The information encoded in the model
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Figure 6: Left, fluorecently marked cDNA molecules bind complementary probes on the surface of
the microarray chip. The relative number of these hybridizations depends on the concentration of
RNA transcripts in the original sample. The four leftmost probes match a gene that is not expressed
by the cells under study. Therefore, few cDNA molecules bindthis group of probes. By contrast,
the four rightmost probes match a gene that is significantly expressed in the original sample. Thus,
several cDNA molecules bind this group of probes. Right, image of logarithmic probe intensities in
a DNA microarray chip. Each dot in the image corresponds to a group of identical probes that match
a specific gene subsequence. The dot intensities are given bythe respective concentrations of bound
cDNA molecules.

may then be employed in posterior analyses or predictions. For example, we might be interested in
studying the mechanisms underlying metastasis in cancer cells. In this case, samples from metastatic
and non-metastatic cancer cells are obtained and protein concentrations are measured. The resulting
data are then analyzed by a machine learning method that constructs a model for the ’metastatic’ and
’non-metastatic’ states. Finally, this model is used to identify proteins and regulatory interactions
involved in the transition of a cancer cell from one state to the other.

Measurements of protein concentration can be obtained indirectly using a recent high-throughput
molecular technology referred to as DNA microarray chips [5]. Microarray chips allow scientists
to simultaneously monitor the concentration of thousands of RNA transcripts in a sample of cells.
Although RNA concentration is not the same as protein concentration, microarray measurements are
expected to be representative of the relative number of fully-formed proteins in a cell population.

DNA microarrays consist of a glass slide or a silicon chip with thousands of microscopic spots, each
containing a small amount of identical DNA sequences calledprobesthat are attached to the surface
of the chip. The probes in an individual spot correspond to a short section of a particular gene whose
expression is to be monitored. Microarray experiments generally incorporate five steps. First, RNA
molecules are extracted from a sample of cells or tissues by common organic extraction procedures.
Second, a reverse transcription procedure translates the RNA molecules into complementary DNA
(cDNA) molecules that are labeled with a flourescent marker.Third, the cDNA molecules bind to
complementary probes on the surface of the microarray chip in a process referred to ashybridization.
This is illustrated in the left of Figure 6. Fourth, after washing the surface of the chip, a scanner is
used to measure the amount of fluorecent marker present on each spot. The output of this scanning
process is a microarray image, see the right of Figure 6. The dots in the microarray image correspond
to groups of identical probes that match a specific gene subsequence and the dot intensities are
given by the respective concentrations of bound cDNA molecules. Because cDNA concentration is
representative of original RNA concentration, the microarray image offers us a ’snapshot’ of all the
transcriptional activity that was taking place in the biological sample. Finally, before obtaining a
final expression measurement for each gene, variations in microarray data caused by technical and
biological factors must be corrected in a step callednormalization. More information about DNA
chips and microarray experiments can be found in [17].
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Figure 7: Elliptical countours of the residual sum of squares function (red) along with the constraint
regions (green) for the lasso (left) and ridge regression (right): |w1| + |w2| ≤ 1 andw2

1 + w2
2 ≤ 1,

respectively. Both the lasso and ridge regression select the first pointŵ where the elliptical contours
hit the corresponding constraint region. In this case, the lasso returns a sparse solutionŵ = (ŵ1, ŵ2)
whereŵ2 is equal to zero. By contrast, the ridge regression solutionis not sparse.

DNA microarray chips represent a significant technologicalbreakthrough because, for the first time,
scientists have been able to monitor the internal state of a biological system [18, 19]. Nevertheless,
microarray gene expression data suffer from several drawbacks. First, microarray measurements are
affected by a substantial amount of experimental and biological noise. Second, the economic cost of
microarray experiments is considerably high. Hence, microarray datasets usually include a limited
numbern of sample instances. Finally, each microarray sample is ad-dimensional vector with the
relative expression ofd genes whered ≫ n. This combination of noisy measurements, reduced
number of sample instances and very high-dimensional feature space makes significantly difficult
the analysis of microarray data. In particular, most machine learning methods are designed to work
with large datasets of relatively low dimensionality that include minor levels of noise. When these
methods are applied to microarray data ’overfitting’ is a considerable problem. The conclusion is
that gene expression datasets have to be analyzed by specificpattern recognition methods.

6 Sparse Linear Methods

A popular approach for modeling limited high-dimensional data is to consider an underlying sparse
linear model whose output is formed by the activity of a reduced subset of features. Let us assume a
standard regression framework whereD = {(xi, yi)}ni=1 is a training set withn observations, each
one formed by ad-dimensional feature vectorxi and a corresponding scalar targetyi. The objective
is to learn a function whose input is a new feature vectorx̂ and whose output is a prediction̂y for
the true target value of̂x. A simple characterization for such function is a linear model:

ŷ = w1x̂1 + · · ·+ wdx̂d , (5)

wherex̂ = (x̂1, . . . , x̂d)
T andw = (w1, . . . , wd)

T is a vector of real coefficients. Usually,w is fixed
by minimizing the residual sum of squares on the training data subject to a bound on its euclidian
norm. This process is calledridge regression [20]. However, when the level of noise in the features
is high andd ≫ n, ridge regression may identify spurious patterns inD that do not generalize to
new data instances. This is particularly the case whenyi only depends on a few components ofxi.
Under this setting, overfitting can be reduced by assuming that the optimal choice forw is a sparse
vector with many zero components. In this case, an estimate for w can be obtained by running a
sparse linear method [7, 8, 9] on the training data. As well asreducing overffiting, sparse techniques
also allow us to identify the most relevant features for solving the learning task.

6.1 The Lasso

The lasso (least angle shrinkage and selection operator) selectsw by minimizing the sum of squares
on D subject to a bound on theL1 norm of this coefficient vector [7, 20]. In particular, the lasso
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estimate forw is defined by

ŵ = argmin
w

{

n
∑

i=1

(

yi −wTxi

)2

}

subject to
d

∑

i=1

|wi| ≤ α , (6)

whereα is a positive regularization parameter. The computation ofŵ is a cuadratic programming
problem with linear inequality constraints [7] that can be solved very efficiently [21]. Additionally,
ŵ is frequently a sparse vector with many components equal to zero. The origin of this sparsity lays
in the specific contours of theL1 constraint function as illustrated in Figure 7 for a two-dimensional
regression problem. The residual sum of squares is a cuadratic function whose elliptical contours are
centered at the full least squares estimate. The constraintregions for the lasso and ridge regression
are respectively the diamond|w1| + |w2| ≤ 1 and the diskw2

1 + w2
2 ≤ 1. Both methods select the

first pointŵ where the elliptical contours hit the constraint region. When the soluction occurs at a
corner of the diamond, the corresponding component ofŵ is equal to zero. Because the disk has
no corners, the ridge regression solution is never sparse. When the dimensionality is increased, the
diamond turns into a rhomboid with many corners. The lasso solution is then very likely to ocurr at
some of those corners, producing a sparse coefficient vector.

The regularization parameterα controls the number of components ofŵ that are zero. In particular,
the smallerα is, the ’sparser’̂w results. However, the optimal choice forα is specific of the problem
under analysis and there is no straightforward rule for computing it. Hence, to fix this regularization
parameter, we may perform a cross-validation search using the training data. Onceα has been tuned
andŵ is available, we may identify the most relevant features forsolving the regression task. These
features correspond to the components ofŵ that are different from zero.

6.2 Automatic Relevance Determination

GivenD, the automatic relevance determination (ARD) framework yields a sparse estimate forw by
regularizing the space of solutions with a data-dependent prior that forces some of the components
of this coefficient vector to be zero [22, 9]. The basic ARD prior forw is given by

P(w) =

d
∏

i=1

N (wi, 0, α
−1

i ) , (7)

whereN (x, µ, σ2) is the density function for a Gaussian distribution with mean µ and varianceσ2

evaluated atx and theαi are non-negative hyperparameters controlling the prior variance for each
unknown component ofw. In particular, whenαi is small, we expect the solution forwi to be rather
large in absolute value and whenai is large, the solution forwi is expected to be close to zero. The
value of these hyperparametersα1, . . . , αd is computed from the data by first, marginalizing over
the coefficient vectorw and then, maximizing the type-II likelihood or evidence [9]. For this, the
targetsyi are assumed to be generated by the model

y = Xw + σ2n , (8)

wherey = (y1, . . . , yn)
T,X is then×d matrix whosei-th row is equal toxT

i , n is ann-dimensional
random vector whose components are independent and identically distributed following a standard
Gaussian distribution andσ2 is a positive parameter that represents the level of noise inthe targets.
The logarithm of the evidence under this model is given by

L(α) = log

∫ n
∏

i=1

P(yi|xi,w)P(w) dw = −
1

2
log |C| −

1

2
yTC−1y + constant, (9)

whereα = (a1, . . . , ad)
T, C is then× n matrix

C = σ2I+

d
∑

i=1

a−1

i ϕiϕ
T
i (10)

andϕi is the i-th column of matrixX. Appendix D describes a very efficient greedy algorithm
for the local maximization of (9). Once a maximum̂α = (α̂1, . . . , αd)

T of L(α) is obtained, the
corresponding estimate forw is given by the posterior mean, namely

ŵ =
(

σ2A+XTX
)

−1
XTy , (11)
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Figure 8: Left, ’spike and slab’ prior density for a single coefficient. This density is a mixture of a
Gaussian and a Dirac delta function, both centered at zero. The delta function has been represented
by an arrow pointing to+∞. Right, approximation of the posterior distribution forw. The training
data is the same as in the two-dimensional regression problem of Figure 7 andσ2 was fixed to 1.
The prior forw is a spike and lab distribution wheres2 = 1 andω = 0.5. The maximum likelihood
solution is marked in the diagram with an ’x’. The density plot was obtained by generating 10,000
samples from the posterior by Gibbs sampling [27] and then computing a kernel density estimate.
Three regions of high probability can be identified in the plot. Two of them correspond to sparse
solutions where eitherw1 = 0 or w2 = 0. These sparse regions are approximated as clouds with
positive lengths and widths, but they are actually straightlines with only one dimension. The third
region lays between the other two and corresponds to non-sparse solutions. Finally, the posterior
density is maximal in the sparse region in whichw2 = 0.

whereA = diag(α̂i, . . . , α̂d). As a result of the maximization ofL(α), several hyperparameters
αi will take an infinite value and the correspondingwi will have a posterior distribution with mean
and variance both zero. Hence, the estimate forw given by the ARD approach is typically a sparse
vector. The origin of this sparsity can be understood from analternative formulation of the ARD ob-
jective functionL(α) using auxiliary functions [23]. Under this new formulation, a local maximum
of the objective function is obtained by solving a series of re-weighted lasso regression problems.
Finally, according to ARD, the most relevant features for solving the regression task correspond to
theαi that are finite onceL(α) has been maximized.

6.3 Bayesian Sparsity

Under a Bayesian framework, sparsity is enforced by incorporating a prior onw that concentrates
its mass on sparse parameter vectors. Some sparsifying priors are the Laplace [24] or the ’spike and
slab’ [8] distributions. This latter prior works by introducing ad-dimensional vector of binary latent
variables denotedz = (z1, . . . , zd) ∈ {−1, 1}d, wherezi = 1 if the i-th component ofw is not zero
andzi = −1 otherwise. Conditioning onz, the prior forw is given by

P(w|z) =
d
∏

i=1

[

zi + 1

2
N (wi, 0, s

2) +
1− zi

2
δ(wi)

]

, (12)

wheres2 is the prior variance for the non-zero components ofw andδ is the Dirac delta function
which represents a point mass at zero. Note that whenzi = −1, the i-th component ofw is not
random because it can only take value zero. By contrast, whenzi = 1, the prior forwi is a Gaussian
with zero mean and variaces2, wheres2 is significantly larger than zero. The term ’spike and slab’
has its origin in the delta function (the spike) and the broadGaussian (the slab) that appear in (12).
To complete the prior forw, we have to fix the ’a priori’ probabilities for each component of z.
These probabilities are often described by independent Bernoulli distributions:

P(z) =
d
∏

i=1

[

zi + 1

2
ω +

1− zi
2

(1− ω)

]

, (13)
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where0 < ω < 1 is the prior probability that a specific component ofw is not zero. Very frequently,
this constant is fixed to0.5 so that (13) is non-informative onz [25]. The unconditional prior for
w is then obtained by marginalizing the product of (12) and (13) with respect toz. The resulting
density for each component ofw is a mixture of a Gaussian and a delta function, as illustrated in
the left of Figure 8. Finally, before performing any Bayesian analysis, we must specify a likelihood
function for the model parameters. For this, we assume that the targets are generated by model (8).
Under this setting, the likelihood forw giveny andX is

P(y|X,w) =

n
∏

i=1

P(yi|xi,w) =

n
∏

i=1

N (yi|w
txi, σ

2) . (14)

Once we have a likelihood function and a prior distribution,Bayes’ theorem allows us to compute
the posterior distribution forw wheny andX are observed:

P(w|y,X) =

∑

z
P(y|X,w)P(w|z)P(z)

P(y|X)
, (15)

where the latent variablesz have been marginalized out. This posterior represents our uncertainty
on w after observingy andX. The right of Figure 8 displays a plot of the posterior distribution
for a two-dimensional regression problem. Three regions ofthe Euclidian plane have large posterior
probabilities in this case. Two of them correspond to sparseparameter vectors where eitherw1 = 0
orw2 = 0. The third region lays between the other two and represents solutions that are not sparse.
To compute a probabilistic prediction for the targetŷ of a new feature vector̂x we use

P(ŷ|X,y, x̂) =

∫

P(ŷ|x̂,w)P(w|X,y) dw . (16)

In this formula, any possible value forw is considered for prediction with a weight proportional to
its posterior probability. Additionally, the Bayesian machinery under the ’spike and slab’ prior also
allows us to perform feature selection. For this, we employ the posterior distribution for the latent
vectorz, namely

P(z|y,X) =

∫

P(y|X,w)P(w|z)P(z) dw

P(y|X)
, (17)

wherew has been marginalized out. The most relevant features for solving the regression problem
are then given by thosezi for whichzi = 1 has the largest marginal probability under (17). Finally,
although the sparse Bayesian framework can be very attractive, its computational burden limits its
applicability. In particular, most of the aforementioinedoperations require to compute summations
and integrals whose cost grows exponentially ind. In practice, exact inference is not feasible under
the sparse Bayesian setting and approximate methods have tobe employed. These involve either
sampling from the posterior distribution or approximatingthe posterior with a simpler distribution
that is analytically tractable [27].

7 Summary

In this paper we have given a brief introduction to the mechanism by which cells produce proteins.
This mechanism is calledgene expressionand consists in the synthesis of a functional polypeptide
chain from the genetic information stored in the DNA. The first step in the gene expression process
is calledtranscriptionand it involves the copying of a DNA sequence into a pre-mRNA molecule
by the enzime RNA polymerase (RNAP). During the lifetime of acell, different proteins have to be
produced at different rates. This requires of a control stepin the gene expression process. Control
of final protein concentration is mainly performed at the transcription level by a series of regulatory
molecules that modify the activity of RNAP. The most important of these molecules are a set of
proteins calledtranscription factorsthat alter the affinity of RNAP to bind a particular sequence of
DNA. Interactions between regulators and regulatees at thetranscription level can be organized in a
transcription control network(TCN), whose edges are formally described by differential equations.

For different reasons, we might be interested in constructing a model of cell functioning, e.g. a TCN.
Such a model can be obtained by first, measuring protein concentrations in a cell under different
conditions and second, applying specific machine learning methods to the data. Microarray chips
are a novel technology that allows scientists to approximately measure protein concentrations in a
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sample of cells. However, microarray datasets are frequently very noisy, with a reduced numbern of
sample instances and a feature space of very large dimensiond, whered ≫ n. These characteristics
make significantly difficult the analysis of microarray datasince most machine learning methods are
likely to identify irrelevant patters in this ’larged, smalln’ scenario. A common solution is then to
consider asparse linear model, whose parameters are learned using asparse linear methodlike the
Lasso, the automatic relevance determination framework orthe ’spike and slab’ Bayesian technique.

A Differential Equation under no Regulation

The rates of product formation forPN andX are given by

d[PN ]

dt
= k

−1[P ][N ]− (k+2 + k
−1)[PN ] = 0 , (18)

d[X ]

dt
= k+2[PN ]− δ[X ] , (19)

where the first equation is equal to zero because we have assumed that[PN ] changes much more
slowly than[P ] and[N ]. Additionally, we have also assumed that the total concentration of promoter
is constant and equal to[N ]0, namely[N ] + [PN ] = [N ]0. Solving for[N ] and substituting in (18)
yields[PN ] = [P ][N ]0/(Km + [P ]), whereKm = (k

−1 + k+2)/k+1. Replacing this result in (19)
allows us to obtain

d[X ]

dt
=

Vm[P ]

[P ] +Km

− δ[X ] , (20)

whereVm = k+2[N ]0.

B Differential Equation under Positive Regulation

When the promoterN bindsα molecules ofA the complexαAN is formed. We ignore intermediate
states whereN binds less thanα molecules of activator. The corresponding scheme for the chemical
reactions betweenA andN is

αA+N
k+3

⇄

k
−3

αAN , (21)

wherek+3 andk
−3 are respectively the rates of complex formation and complexdissociation. The

rate of product formation forαAN is therefore

d[αAN ]

dt
= k+3[N ][A]α − k

−3[αAN ] = 0 , (22)

where we have assumed that the concentration ofαAN changes very slowly. Additionally, we also
assume that the total concentration of promoter, either bound byA or free, is constant and equal to
[N ]0, namely[N ] + [αAN ] = [N ]0. Solving for[N ] and substituting in (22) allows us to obtain the
concentration of promoter that can be bound by RNAP, namely

[αAN ] =
[A]α[N ]0
KA + [A]α

, (23)

whereKA = k
−3/k+3. This is a particular form of the Hill equation [2] and it describes the

cooperative binding of theα molecules ofA. A differential equation for the rate of production ofX
is then obtaind by replacing[N ]0 in (20) with the previous expression for[αAN ].

C Differential Equation under Negative Regulation

When the promoterN bindsβ molecules of repressorR the complexβRN is formed. We ignore
intermediate states whereN binds less thanβ molecules ofR. The corresponding scheme for the
chemical reactions betweenR andN is

βR+N
k+4

⇄
k
−4

βRN , (24)
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wherek+4 andk
−4 are respectively the rates of complex formation and complexdissociation. The

rate of product formation forβRN is therefore
d[βRN ]

dt
= k+4[N ][R]β − k

−4[βRN ] = 0 , (25)

where we have assumed that the concentration ofβRN changes very slowly. Additionally, we also
assume that the total concentration of promoter, either bound byR or free, is constant and equal to
[N ]0, namely[N ] + [βRN ] = [N ]0. Solving for[βRN ] and substituting in (25) allows us to obtain
the concentration of promoter that can be bound by RNAP, namely

[N ] =
[N ]0

1 + [R]β/KR

, (26)

whereKR = k
−4/k+4. A differential equation for the rate of production ofX is then obtaind by

replacing[N ]0 in (20) with the previous expression for[N ].

D Maximization of the Evidence in the ARD Framework

To maximizeL(α) with respect toα we follow [26, 27]. In particular, the contribution of eachαi

to the total logarithm of the evidence is separated out:

L(α) = L(α
−i) +

1

2

[

logαi − log(αi + si) +
q2i

αi + si

]

, (27)

whereα
−i is obtained fromα by setting thei-th component of this vector to+∞ and the quantities

si andqi are given by
si = ϕ

T
iC

−1

−iϕi , (28)

qi = ϕ
T
iC

−1

−iy , (29)
whereC

−i is obtained by pulling out the contribution fromαi in matrixC, namely

C
−i = C− α−1

i ϕiϕ
T
i . (30)

The quantitiessi andqi are respectively called thesparsityand thequalityof thei-th feature. A large
value ofsi with respect toqi means that thei-th feature is unlikely to be relevant and consequently,
the optimal value forαi is likely to be infinite. The ’sparsity’ represents the redundancy of thei-th
feature with respect to the other features already includedin the model. The ’quality’ measures the
alignment of thei-th feature with respect to the errors of the model when this feature is excluded.
The local maximization ofL(α) with respect toαi occurs when the derivative of (27) with respect
toαi is equal to zero. This derivative is

dL(α)

dαi

=
α−1

i s2i − (q2i − si)

2(αi + si)2
(31)

and there are two possible forms for the solution. Whenq2i ≤ si, the solution is obtained by setting
αi = +∞ and whenq2i > si, we maximizeL(α) with respect toαi by settingαi = s2i /(q

2
i − si).

For the computation of the quantitiessi andqi we employ

si =
αiSi

αi − Si

, qi =
αiQi

αi − Si

, Si = ϕ
T
iC

−1
ϕi , Qi = ϕ

T
iC

−1y , (32)

whereqi = Qi andsi = Si whenαi = +∞. Finally, whenαi is modified we may updateC−1 as

C−1
new = C−1

old −
C−1

oldϕiϕ
T
iC

−1

old

αnew
i +ϕ

T
iC

−1

oldϕi

. (33)

The resulting algorithm for maximizingL(α) implies the following steps:

1. Initializeαi = +∞ for i = 1, . . . , d andC−1 = σ−2I.

2. Choose anαi to optimize and computeqi andsi.

3. If q2i > si setαi = s2i /(q
2
i − si) else, setαi = +∞. UpdateC−1 if αi was modified.

4. Go to step 2 until all theαi have reached convergence, otherwise terminate.

The bottleneck of this algorithm lays in the update of matrixC−1, which has a computational cost
equal toO(n2), wheren is the number of instances in the training set. A slightly different algorithm
for maximizingL(α) is described by [26, 27]. In that case, each iteration has a costO(m3), where
m is the number ofαi that are finite during the current iteration.
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